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ABSTRACT. Jensen’s inequality Mond Pe\v{c}ari\v{c} , .
. , H\"older-McCarthy inequality
.





, [17], [23] Mond-Pe\v{c}ari\v{c} method Jensen inequality
, Araki-Cordes , .
, (operator) , $H$ (bounded linear
operator) , (positive operator) $A$ $A\geq 0$ .
Jensen’s inequality (cf. [15]) ,
: Let $f(t)$ be a convex continuous fumction on an interval $[m, M]$ and $w=(w_{1}, \ldots , w_{n})$
a weight, i.e., $\sum_{i=1}^{n}w_{i}=1$ and $w_{i}\geq 0$ . Then for $t_{1},$ $\ldots$ , $t_{n}\in[m, M]$
$f( \sum_{i=1}^{n}w_{i}t_{i})\leq\sum_{i=1}^{n}w_{i}f(t_{i})$ .
Jensen inequality , :
(1.1) $f(\langle Ax, x\rangle)\leq\langle f(A)x,$ $x\rangle$
for aselfadjoint operator $A$ on $H$ with $m\leq A\leq M$ and aunit vector $x\in H$ . ,
$f(t)=t^{p}$ , H\"older-McCarthy inequality :For all $1\leq p$ (resp
$0\leq p\leq 1)$
(1.2) $\langle A^{p}x,$ $x\rangle\geq\langle Ax,$ $x\rangle^{p}$ $($ resp. $\langle A^{p}x,x\rangle\leq\langle Ax,$ $x\rangle^{p})$ .
2 , $g$ $g(\langle Ax, x\rangle)-\lambda\langle f(A)x,$ $x\rangle$ .
Mond-Pe\v{c}ari\v{c} Method [14] ,
. , (1.1) .
, , $K(h,p)$ (see (2.10)) H\"older-McCarthy
inequality (1.2) .
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3 , Cordes Araki .
Cordes inequality [5] , $H$ $A,$ $B$
:
(1.3) $\Vert A^{p}B^{p}||$ $\leq$ $\Vert AB\Vert^{p}$ for all $0\leq p\leq 1$ .
[1] , Araki , trace inequality :
(1.4) 1 $B^{p}A^{p}B^{p}\Vert$ $\leq$ $\Vert BAB\Vert^{p}$ for all $0\leq p\leq 1$ .
(1.3) (1.4) , ([3], [9]), Holder-McCarthy
inequality (1.2) . , Furuta [11] , Cordes’s inequality (1.3)
L\"owner-Heinz inequality (e.g. [201) :
(1.5) $A\geq B\geq 0$ implies $A^{p}\geq B^{p}$ for all $0\leq p\leq 1$ .
, Bourin’s reverse inequality [4] :For a positive definite
matrix $A$ with $0<m\leq A\leq M$ and a positive semidefinite matrix $B$
(16) $\Vert \mathcal{A}B\Vert\leq\frac{M+m}{2\sqrt{m}}r(AB)$
where $r(\cdot)$ is the spectral radius.
2. $MoND- PE\check{C}ARI\acute{C}$ METHOD REVERSE JENSEN’S INEQUALITY
$m<M$ $m,$ $M$ . $I(\supset[m, M])$ $f$
, $\alpha_{f}$ $\beta_{f}$ :
(21) $\alpha_{f}=\alpha_{f}(m, \Lambda f):=\frac{f(M)-f(m)}{M-m}$ , $\beta_{f}=\beta_{f}(m, M):=\frac{\Lambda_{i}If(m)-mf(M)}{M-m}$ .
Mond Pe\v{c}ari\v{c} , (cf.
[18, Theorem 4] $)$ :
Theorem M-P. Let $A$ be a positive opemtor on a Hilbert space $H$ such that $m\leq A\leq M$
where $0<m<M.$ Let $f(t)$ be a real valued continuous convex function on $[m, M]$ and
$J$ an interval including $f[m, M]$ . If $F[u,$ $v|$ is a real valued function defined on $JxJ$,
non-decreasing in $u$ , then
$F[ \langle f(A)x, x\rangle, f(\langle Ax, x\rangle)]\leq\max_{m\leq t\leq M}F[\alpha_{f}t+\beta_{f}, f(t)]$
for every unit vector $x$ in $H$ .
, Mond Pe\v{c}ari\v{c} [19, Theorems 1,2] , Jensen
:
Theorem A. Let $A_{j}$ be positive operators on a Hilbert space $H$ satisfying $m\leq A_{j}\leq M$
$(j=1,2, \ldots , k)$ where $0<m<M$ . Let $f(t)$ be a real valued continuous convex function
on $[m, M]$ . Suppose that $x_{1},$ $x_{2},$ $\ldots,$ $x_{k}$ are any finite number of vectors in $H$ such that
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$\sum_{j=1}^{k}\Vert x_{j}\Vert^{2}=1$ . Then the following inequalities hold
(2.2) $f( \sum_{j=1}^{k}\langle A_{j}x_{j},x_{j}\rangle)\leq\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle$ ,
(2.3) $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j} \rangle\leq\alpha_{f}\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j}\rangle+\beta_{f}$ .
, Theorem M-P :
Theorem 2.1. Let $A_{j}$ be positive opemtor on a Hilbert space $H$ satisfying $m\leq A_{j}\leq M$
$(j=1,2, \ldots, k)$ where $0<m<M$ . Let $f(t)$ be a real valued continuous convex function
on $[m, M]$ and also let $g(t)$ be a real valued continuous function on $[m, M]$ . Suppose that
$x_{1},$ $x_{2},$ $\ldots,$
$x_{k}$ are any finite number of vectors in $H$ such that $\sum_{j=1}^{k}\Vert x_{j}\Vert^{2}=1$ , and $U$
and $V$ are two intervals such that $U\supset f[m, M]$ and $V\supset g[m, M]$ . If $F[u,$ $v]$ is a real
valued function defined on $UxV$, non-decreasing in $u$ , then
(2.4) $F[ \sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j} \rangle,g(\sum_{j=1}^{k}\langle \mathcal{A}_{j}x_{j},$ $x_{j} \rangle)]\leq\max_{m\leq t\leq M}F[\alpha_{f}t+\beta_{f}, g(t)]$ .
Proof. Let take $t_{0}= \sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j}\rangle$ in (2.3). The hypothesis ensures the inequality
$m= \sum_{j=1}^{k}\langle mx_{j},$ $x_{j} \rangle\leq\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j} \rangle\leq\sum_{j=1}^{k}\langle Mx_{j},$ $x_{j}\rangle=M$ , i.e., $m\leq t_{0}\leq M$ . Using
the non-decreasing character of $F[\cdot,$ $v|$ , we have
$F[ \sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle,$ $g( \sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j}\rangle)]\leq F[\alpha_{f}t+\beta_{f},$ $g(t_{0}]$
and hence the desired inequality holds.
Theorem 2.2. Assume that the conditions of Theorem 2.1 hold except that $F[u, v]$ is
non-increasing in $u$ . Then the following inequality holds
(25) $F[ \sum_{j=1}^{k}\langle f(\mathcal{A}_{j})x_{j},$ $x_{j} \rangle,g(\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{i} \rangle)]\geq\min_{m\leq t\leq M}F[\alpha_{f}t+\beta_{f},g(t)]$ .
[18, Theorems 3,4] , Mond Pe\v{c}ari\v{c} $g=f$ Theorems 2.1,
2.2 . Theorem 2.1 , [21, Theorem 1] . ,
.
Theorem 2.3. $\mathcal{A}ssume$ that the conditions of Theorem 2.1 hold. Then for any real number
$\lambda$
(2.6) $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j} \rangle\leq\lambda g(\sum_{j=1}^{k}\langle A_{j}x_{j},x_{j}\rangle)+\mu(\lambda)$
holds $fo r\mu(\lambda)=\max_{m\leq t\leq M}\{\alpha_{f}t+\beta_{f}-\lambda g(t)\}$ .
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Moreover, suppose that $\mu(\lambda)=\alpha_{f}\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j} \rangle+\beta_{f}-\lambda g(\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j}\rangle)$ for some
vectors $x_{j}$ in $H$ such that $\sum_{j=1}^{k}\Vert x_{j}\Vert^{2}=1$ . Then the equality is attained in (2.6) if and
only if there exist orthogonal vectors $y_{j}$ and $z_{j}$ such that
(2.7) $x_{j}=y_{j}+z_{j}$ , $A_{j}y_{j}=my_{j}$ and $\mathcal{A}_{j}z_{j}=Mz_{j}$ .
Proof. Put $t_{0}= \sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j}\rangle$ , then the hypothesis ensures the inequality $m\leq t_{0}\leq M$ .
Also, put $F[u, v]=u-\lambda v,$ $u= \sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle$ and $v=g(t_{0})$ . Then it follows from
Theorem 2.1 that
$\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j} \rangle-\lambda g(\sum_{j=1}^{k}\langle A_{j}x_{j}, x_{j}\rangle)\leq\max_{m\leq t\leq M}F[\alpha_{f}t+\beta_{f},g(t)]$
$= \max_{m\leq t\leq Af}\{\alpha_{f}t+\beta_{f}-\lambda g(t)\}$
which gives the desired inequality.
We next investigat$e$ conditions under which the equality holds. Suppose that the equal-
ity $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle=\lambda g(t_{0})+\mu(\lambda)$ holds. By definition of $\mu(\lambda)$ , notice that the equality
$\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle=\lambda g(t_{0})+\mu(\lambda)$ holds if and only if the equality $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle=$
$\alpha_{f}t_{0}+\beta_{f}$ holds. Let $E_{j}(t)$ be the spectral resolution of the identity of $A_{j}$ , that is,
$A_{j}= \int_{m-0}^{M}tdE_{j}(t)$ . Put $P_{j}=E_{j}(M)-E_{j}(M-0),$ $Q_{j}=E_{j}(M-0)-E_{j}(m)$ and $R_{j}=$
$E_{j}(m)-E_{j}(m-O)$ . Then $\langle A_{j}P_{j}x_{j},$ $x_{j}\rangle=M\langle P_{j}x_{j},$ $x_{j}\rangle$ and $\langle A_{j}R_{j}x_{j},$ $x_{j}\rangle=m\langle R_{j}x_{j},$ $x_{j}\rangle$ .
Note also that
$\langle f(A_{j})P_{j}x_{j},$ $x_{j}\rangle=/m-0Mf(t)d\langle E_{j}(t)P_{j}x_{j},$ $x_{j}\rangle=f(M)\langle P_{j}x_{j},$ $x_{j}\rangle$
$=\langle(f(m)+\alpha_{f}(M-m))P_{j}x_{j},$ $x_{j}\rangle$
and
$\langle f(A_{j})R_{j}x_{j},$ $x_{j}\rangle=/m-0Mf(t)d\langle E_{j}(t)R_{j}x_{j},$ $x_{j}\rangle=f(m)\langle R_{j}x_{j},$ $x_{j}\rangle$
$=\langle(f(m)+\alpha_{f}(m-m))R_{j}x_{j},$ $x_{j}\rangle$ .
Since $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle=\alpha_{f}t+\beta_{f}$ , it follows that $\sum_{j=1}^{k}\langle(\alpha_{f}A_{j}+\beta_{f}-f(A_{j}))Q_{j}x_{j},$ $x_{j}\rangle=0$
and hence $Q_{j}x_{j}=0$ for any $j$ because $\alpha_{f}s+\beta_{f}-f(s)>0$ for $s\in(m, M)$ . Thus we
obtain the desired decomposition of $x_{j}$ setting $y_{j}=R_{j}x_{j}$ and $z_{j}=P_{j}x_{j}$ .
Assume conversely (2.7). Then it follows that
$\alpha_{f}\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j} \rangle+\beta_{f}=\alpha_{f}\sum_{j=1}^{k}(m\Vert y_{j}\Vert^{2}+M\Vert z_{j}\Vert^{2})+\beta_{f}\sum_{j=1}^{k}(\Vert y_{j}\Vert^{2}+\Vert z_{j}\Vert^{2})$
$=f(m) \sum_{j=1}^{k}\Vert y_{j}\Vert^{2}+f(M)\sum_{j=1}^{k}\Vert z_{j}\Vert^{2}$
$= \sum_{j=1}^{k}\langle f(A_{j})x_{j)}x_{j}\rangle$
which is the desired equality.
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$g=f$ , [21, Theorem 1] :
Theorem 2.4. Let $A_{j}$ be positive opemtor on a Hilbert space $H$ satisfying $m\leq A_{j}\leq M$
$(j=1,2, \ldots, k)$ where $0<m<M.$ Let $f$ be a real valued continuous strictly convex
differentiable function on $[m, M]$ . Suppose that $x_{1},$ $x_{2},$ $\ldots,$ $x_{k}$ are any finite number of
vectors in $H$ such that $\sum_{j=1}^{k}\Vert x_{j}\Vert^{2}=1$ . Then for each $\lambda>0$
(2.8) $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j} \rangle\leq\lambda f(\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j}\rangle)+\mu(\lambda)$
holds for $\mu(\lambda)=\alpha_{f}t+\beta_{f}-\lambda f(t_{0})$ and
$t_{0}=\{\begin{array}{ll}M if M\leq f^{\prime-1}(\frac{\alpha_{f}}{\lambda})m if f^{\prime-1}(\frac{\alpha_{f}}{\lambda})\leq mf^{\prime-1}(\frac{\alpha_{f}}{\lambda}) otherwise.\end{array}$
The equality is attained in (2.8) if and only if there exist orthogonal vectors $y_{j}$ and $z_{j}$ such
that $x_{j}=y_{j}+z_{j:}A_{j}y_{j}=my_{j},$ $A_{j}z_{j}=Mz_{j}$ and $t_{0}=m \sum_{j=1}^{k}\Vert y_{j}\Vert^{2}+M\sum_{j=1}^{k}\Vert z_{j}\Vert^{2}$.
Proof. By virtue of Theorem 2.3, it is sufficient to see that $\mu(\lambda)=\alpha_{f}t_{0}+\beta_{f}-\lambda f(t_{0})$ . Put
$h_{\lambda}(t)=\alpha_{f}t+\beta_{f}-\lambda f(t)$ . Since $f(t)$ is strictly convex, we put $t_{1}=f^{\prime-1}( \frac{\alpha_{f}}{\lambda})$ . Then we
have $h’(t)=0$ if and only if $t=t_{1}$ . If $m\leq t_{1}\leq M$ , then $\mu(\lambda)=\max_{m\leq t\leq M}h_{\lambda}(t)=h_{\lambda}(t_{1})$ .
If $M\leq t_{1}$ , then $h_{\lambda}(t)$ is increasing on $[m, M]$ and hence the maximum value on $[m, M]$ of
$h_{\lambda}(t)$ is attained for $t_{0}=M$ . Similarly, we have $t_{0}=m$ if $t_{1}\leq m$ .
Next, since the graph of $\lambda f(t)+\beta_{f}$ touches the line of $\alpha_{f}t+\beta_{f}$ at the point $t_{0}$ , it follows
that the equality $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j} \rangle=\lambda f(\sum_{j=1}^{k}\langle A_{j}x_{j},$ $x_{j}\rangle)+\mu(\lambda)$ holds if and only if
two equalities $t_{1}= \sum_{j=1}^{k}\langle A_{j}x_{j},x_{j}\rangle$ and $\sum_{j=1}^{k}\langle f(A_{j})x_{j},$ $x_{j}\rangle=\alpha_{f}t+\beta_{f}$ hold. Therefore we
obtain the Theorem 2.4 by the same proof as Theorem 2.3.
$\lambda>0$ , $\mu(\lambda)=0$ , $\lambda=\lambda_{f}$ . Theorem 2.4 ,
$f(t)=t^{p},$ $k=1$ , H\"older-McCarthy inequality (1.2)
:
Corollary 2.5. Let $A$ be a positive opemtor on a Hilbert space $H$ such that $0<m\leq$
$A\leq M$ for some scalars $m<M$ and $h$ $:=$ es $(>1)$ . Then for $p\geq 1$ $($ resp. $0<p\leq 1)$
(2.9) $\langle A^{p}x,x\rangle\leq K(h,p)\langle Ax,$ $x\rangle^{p}$ $($ resp. $\langle A^{p}x,$ $x\rangle\geq K(h,p)\langle Ax,$ $x\rangle^{p})$
holds for all unit vectors $x\in H$ where $K(h,p)$ is a genemlized Kantorovich constant
(cf. [7], [12], [13]) defined by
(2.10) $K(h,p):= \frac{1}{h-1}\frac{h^{p}-h}{p-1}(\frac{p-1}{h^{p}-h}\frac{h^{p}-1}{p})^{p}$
for all $h>0$ and $p\in \mathbb{R}$ .
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3. JENSEN TYPE NORM INEQUALITIES
H\"older-McCarthy inequality (1.2) , Araki(-Cordes) norm inequality (1.4) (, (1.3))
. , $x\in H$ $y\in H$
:
$(x\otimes\overline{x})A(x\otimes\overline{x})y=\langle y,$ $x\rangle(x\otimes\overline{x})\mathcal{A}x=\langle y,$ $x\rangle\langle Ax,$ $x\rangle x=\langle Ax,$ $x\rangle\langle y,$ $x\rangle x=\langle \mathcal{A}x,$ $x\rangle(x\otimes\overline{x})y$ .
$(x\otimes\overline{x})A(x\otimes\overline{x})=\langle Ax,$ $x\rangle(x\otimes\overline{x})$ .
$(x\otimes\overline{x})A^{p}(x\otimes\overline{x})=\langle A^{p}x,$ $x\rangle(x\otimes\overline{x})$ .
, Araki(-Cordes) norm inequality (1.4) , $B=x\otimes\overline{x}$ H\"older-
McCarthy inequality (1.2) . , (2.8) (, (3.4))
Jensen .
, . $f$ $[0, \infty)$ .
, $A\geq B\geq 0$ $f(A^{\frac{1}{2}})^{2}\geq f(B^{\frac{1}{2}})^{2}$ , $f$ semi-operator monotone
. , $f$ submultiplicative (resp. supermultiplicative) ,
$a,$ $b\geq 0$ $f(ab)\leq f(a)f(b)$ $($ resp. $f(ab)\geq f(a)f(b))$ .
$f$ adjoint $f^{*}$ : $t>0$ $f^{*}(t):=f(t^{-1})^{-1}$ ([16]).
J.I. Fujii M. Fujii , (1.3) ([6], cf. [2, Theorem 2.6]):
Theorem B. If a nonnegative semi-opemtor monotone function $f$ on $(0, \infty)$ is submul-
tiplicative, then
(3.1) $\Vert f(A)f^{*}(B)\Vert$ $\leq$ $f(\Vert$ $AB$ $\Vert)$
for all positive opemtors $A$ and $B$ .
, (14) , (3.1) . ,
, [2, Theorem 2.9] .
Theorem 3.1. If a nonnegative opemtor monotone function $f$ on $(0, \infty)$ is submultiplica-
tive, then
(3.2) I $f^{*}(B^{2})^{\frac{1}{2}}f(A^{2})^{\frac{1}{2}}f^{*}(B^{2})^{\frac{1}{2}}$ I $\leq$ I $f^{*}(B^{2})^{\frac{1}{2}}f(A)f^{*}(B^{2})^{\frac{1}{2}}\Vert\leq f(\Vert BAB\Vert)$
for all positive opemtors $A$ and $B$ .
(3.2) 2 , . $[m,$ $M|$
(resp. ) $f$ , $I_{f}$ :
$I_{f}=I_{f,m,M}:=[ \frac{f’(M)}{\alpha_{f}},$ $\frac{f^{l}(m)}{\alpha_{f}}]$ $(resp$ . $I_{f}=I_{f,m_{I}M}:=[ \frac{f’(m)}{\alpha_{f}},$ $\frac{f’(M)}{\alpha_{f}}])$ .
$\lambda\in I_{f}$ , $f’(\mu)=\lambda\alpha_{f}$ , $\mu=\mu_{\lambda}\in[m, M]$
. , $F(m, M, f;\lambda)$ :
(3.3) $F(m, M, f;\lambda):=\{\begin{array}{ll}(1-\lambda)f(c_{1}) if 0<\lambda<\frac{f’(c_{1})}{\alpha f}f(\mu_{\lambda})-(\mu_{\lambda}\alpha_{f}+\beta_{f})\lambda if \lambda\in I_{f}(1-\lambda)f(c_{2}) if \lambda>\frac{f’(c2)}{\alpha_{f}}\end{array}$
where $c_{1}=M$ and $c_{2}=m$ (resp. $c_{1}=m$ and $c_{2}=M$).
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, $F(m, M,p;\lambda)$ , $\lambda$ $F(m, M,p;\lambda)=0$ ,
$\lambda=\lambda_{f}(\in I_{f})$ ([22]).
, Theorem 2.4 :
Theorem 3.2. Let $A$ be a positive opemtor on a Hilbert space $H$ such that $m\leq A\leq M$
for some scalars $0<m<M.$ Let $f$ be a real valued continuous strictly concave (resp.
strictly convex) differentiable function on $[m, M]$ with $f(m)\neq f(M)$ . Then for each $\lambda>0$
$f(\langle Ax, x\rangle)-\lambda\langle f(A)x,$ $x\rangle\leq F(m, M, f;\lambda)$
(3.4)
$($ resp. $f(\langle Ax, x\rangle)-\lambda\langle f(A)x_{7}x\rangle\geq F(m, M, f;\lambda))$
holds for all unit vectors $x\in H$ .
, Theorem 3.1 :
(by (3.4))
Theorem 3.3. Let $A$ and $B$ be positive opemtors on a Hilbert space $H$ such that $m_{1}\leq$
$A\leq M_{1}$ and $m_{2}\leq B\leq M_{2}$ for some scalars $0<m_{i}<M_{i}(i=1,2)$ . Let $f$ and $g$ be
nonnegative real valued differentiable functions on $(0, \infty)$ . Then the following assertions
(i) and (ii) hold and they are equivalent:
(i) Suppose that $f$ is increasing strictly concave submultiplicative and $\lambda_{f}$ is a unique
solution of $F(m_{1}, M_{1}, f;\lambda)=0$ . Then for each $\lambda\in(0,$ $\lambda_{f}|$
(3.5)
$f( \Vert BAB\Vert)\leq\lambda\sup_{t\in[m_{2},M_{2}]}f(t^{2})f(\frac{1}{t^{2}})\Vert f^{*}(B^{2})^{!}\ddot{2}f(A)f^{*}(B^{2})^{\frac{1}{2}}\Vert$
$+F(m_{1}, M_{1}, f;\lambda)f(M_{2}^{2})$ .
(ii) Suppose that $g$ is increasing $str\dot{v}ctly$ convex supermultiplicative and $\lambda_{9}$ \’is a unique
solution of $F(g(m_{1}), g(M_{1}),g^{-1};\lambda)=0$ . Then for each $\lambda\in(0, \lambda_{g}]$
(3.6)
$g^{-1}( \Vert g^{*}(B^{2})^{\frac{1}{2}}g(A)g^{*}(B^{2})^{\frac{1}{2}}\Vert)\leq\lambda\sup_{t\in[m_{2},M_{2}]}g^{-1}(g^{*}(t^{2}))t^{-2}\Vert BAB\Vert$
$+F(g(m_{1}),g(M_{1}),g^{-1};\lambda)g^{-1}(g^{*}(M_{2}^{2}))$ .
Proof. Firstly we prove the case (i). For each $\lambda>0$ and unit vector $x\in H$
$f( \langle BABx, x\rangle)=f(\langle A\frac{Bx}{\Vert Bx\Vert},$ $\frac{Bx}{\Vert Bx\Vert}\rangle\Vert Bx\Vert^{2})$
$\leq f(\langle A\frac{Bx}{\Vert Bx\Vert},$ $\frac{Bx}{\Vert Bx\Vert}\rangle)f(\Vert Bx\Vert^{2})$
$\leq\{\lambda\langle f(A)\frac{Bx}{\Vert B^{r}x\Vert},$ $\frac{Bx}{\Vert Bx\Vert}\rangle+F(m_{1}, A/I_{1}, f;\lambda)\}f(\Vert Bx\Vert^{2})$
$= \lambda\langle f(B^{-2})^{-\frac{1}{2}}f(A)f(B^{-2})^{-\frac{1}{2}}\cdot\frac{f(B^{-2})^{\frac{1}{2}}Bx}{\Vert f(B^{-2})^{\frac{1}{2}}Bx\Vert},$ $\frac{f(B^{-2})^{\frac{1}{2}}Bx}{\Vert f(B^{-2})^{\frac{1}{2}}Bx\Vert}\rangle$
$\cross\frac{f(\Vert Bx\Vert^{2})||f(B^{-2})^{\frac{1}{2}}Bx\Vert^{2}}{\Vert Bx\Vert^{2}}+F(m_{1}, M_{1}, f;\lambda)f(\Vert Bx\Vert^{2})$
$\leq\lambda\Vert f^{*}(B^{2})^{\frac{1}{2}}f(A)f^{*}(B^{2})^{\frac{1}{2}}\Vert\cdot\frac{f(\Vert Bx\Vert^{2})||f(B^{-2})^{\frac{1}{2}}Bx\Vert^{2}}{\Vert Bx\Vert^{2}}+F(m_{1}, M_{1}, f;\lambda)f(\Vert Bx\Vert^{2})$ .
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Here, we have
$f( \Vert Bx\Vert^{2})\Vert f(B^{-2})^{\frac{1}{2}}\frac{Bx}{\Vert Bx\Vert}\Vert^{2}=f(\Vert Bx\Vert^{2})$ $f(B^{-2}) \frac{Bx}{\Vert Bx\Vert},$ $\frac{Bx}{\Vert Bx\Vert}$
$\leq f(II Bx\Vert^{2})f(\langle\frac{x}{\Vert Bx\Vert},$ $\frac{x}{\Vert Bx\Vert}\rangle)$
$(3.7)$
$=f( \Vert Bx\Vert^{2})f(\frac{1}{\Vert Bx\Vert^{2}})$
$\leq\sup_{t\in[m2,M_{2}]}f(t^{2})f(\frac{1}{t^{2}})$ .
Moreover since $0<f(Il Bx\Vert^{2})\leq f(M_{2}^{2})$ and $F(m_{1}, M_{1}, f;\lambda)\geq 0$ for $\lambda\in(0, \lambda_{f}]$ , we have
$0<F(m_{1}, M_{1}, f;\lambda)f(\Vert Bx\Vert^{2})\leq F(m_{1}, M_{1}, f;\lambda)f(M_{2}^{2})$ . So the desired inequality (3.5)
holds.
Next we show $(3.5)\Rightarrow(3.6)$ . We replace $A,$ $B$ and $f$ by $g(A),$ $g^{*}(B^{2})^{\frac{1}{2}}$ and $g^{-1}$ ,
respectively in (3.5). Since $(g^{-1})^{*}(g^{*}(X))=X$ for all positive operator $X$ and $g^{*}$ is also
increasing, the inequality (3.5) ensures the inequality (3.6). Similarly we can show (3.6)
$\Rightarrow(3.5)$ .
$f_{0}(t)$ $:=f(t^{\frac{1}{2}})^{2}$ submultiplicative , $\lambda_{f}$ $\lambda$
$F(m_{1}^{2}, M_{1}^{2}, f_{0};\lambda)=0$ . , (3.5) , $A,$ $f$ $A^{2}$ ,
, $\lambda\in(0, \lambda_{f}]$
$f(\Vert$ AB $\Vert)^{2}\leq\lambda\sup_{t\in|m_{2},M_{2}]}f(t)^{2}f(\frac{1}{t})^{2}\Vert f(A)f^{*}(B)\Vert^{2}+F(m_{1}^{2}, M_{1}^{2}, f_{0};\lambda)f(\Lambda I_{2})^{2}$.
, Theorem $B$ .
, Theorem 3.3 $f(t)=t^{p}(p\geq 0)$ , (see [10]):
Corollary 3.4. Let $A$ and $B$ be positive opemtors on a Hilbert space $H$ such that $m_{1}\leq$
$A\leq M_{1}$ and $m_{2}\leq B\leq M_{2}$ and $h_{i}=\vec{m_{i}}M$. for some scalars $0<m_{i}<M_{i}(i=1,2)$ . Then
the following assertions (i) and (ii) hold and they are equivalent:
$($ i $)$ Suppose that $0\leq p\leq 1$ . Then for each $\lambda\in(0,$ $K(h,p)^{-1}]$
(3.8) $\Vert BAB\Vert^{p}\leq\lambda\Vert B^{p}A^{p}B^{p}\Vert+F(m_{1}, M_{1}, (\cdot)^{p};\lambda)M_{2}^{2p}$ .
(ii) Suppose that $p\geq 1$ . Then for each $\lambda\in(0,$ $K(h,p)]$
(3.9) $\Vert B^{p}A^{p}B^{p}\Vert^{\frac{1}{p}}\leq\lambda\Vert BAB\Vert+F(m_{1}^{p},$ $M_{1}^{p},$ $(\cdot)^{\frac{1}{p}};\lambda)M_{2}^{2}$ .
Remark 3.5. (3.5) :
$f( \Vert BAB\Vert)\leq\lambda_{f_{t\in[m_{2},M_{2}]}^{S^{\backslash }upf(t^{2})f}}(\frac{1}{t^{2}})\Vert f^{*}(B^{2})^{\frac{1}{2}}f(A)f^{*}(B^{2})^{\frac{1}{2}}\Vert$ .
- Theorem 3.3 , $\lambda_{f}<\lambda$ ,
. , $f(\Vert Bx\Vert^{2})\geq f(m_{2}^{2})>0$ $F(m_{1}, M_{1}, f;\lambda)<0$ , (3.5)
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:$f( \Vert BAB\Vert)\leq\lambda\sup_{t\in[m_{2},M_{2}]}f(t^{2})f(\frac{1}{t^{2}})\Vert f^{*}(B^{2})^{\frac{1}{2}}f(A)f^{*}(B^{2})^{\frac{1}{2}}$ I $+F(m_{1}, M_{1}, f;\lambda)f(m_{2}^{2})$
:
Theorem 3.6. Let $A$ and $B$ be positive opemtors on a Hilbert space $H$ such that $m_{1}\leq$
$A\leq M_{1}$ and $m_{2}\leq B\leq M_{2}$ for some scalars $0<m_{i}<M_{i}(i=1,2)$ . Let $f$ and $g$ be
nonnegative real valued differentiable functions on $(0, \infty)$ . Then the following assertions
(i) and (ii) hold and they are equivalent:
(i) If $f$ is increasing strictly convex submultiplicative, then for each $\lambda>0$
$f( Ii BAB\Vert)\leq\lambda\sup_{2t\in[m,M_{2}]}f(t^{2})f(\frac{1}{t^{2}})\Vert f^{*}(B^{2})^{\frac{1}{2}}f(A)f^{*}(B^{2})^{\frac{1}{2}}\Vert$
(3.10)
$- \lambda F(m_{1}m_{2}^{2}, M_{1}M_{2}^{2}, f;\frac{1}{\lambda})$ .
(ii) If $g$ is increasing strictly concave supermultiplicative, then for each $\lambda>0$
$g^{-1}(\Vert g^{*}(B^{2})^{\frac{1}{2}}g(A)g^{*}(B^{2})^{\frac{1}{2}}\Vert)\leq\lambda s^{\backslash }upg^{-1}(g^{*}(t^{2}))t^{-2}i\in[m2,M_{2}]$ I $BAB\Vert$
(3.11)
$- \lambda F(g(m_{1})g^{*}(m_{2}^{2}), g(M_{1})g^{*}(M_{2}^{2}), g^{-1};\frac{1}{\lambda})$.
[4] , Bourin , $r($ . $)$ $r(A)\leq\Vert A\Vert$
(16) . (1.6) [8]
:
Theorem C. If $A$ and $B$ are positive opemtors such that $m_{1}\leq A\leq M_{1}$ for some scalars
$0<m_{1}<M_{1}$ , then for each $\lambda>0$
(3.12) I $(BA^{p}B)^{\frac{1}{p}}\Vert\leq\lambda r(AB^{\frac{2}{p}})+F(m_{1}^{p}, M_{1}^{p}, (\cdot)^{\frac{1}{p}};\lambda)\Vert B\Vert^{\frac{2}{p}}$ for $p>1$ .
Theorems 3.3 3.6 , Theorem $C$ .
Corollary 3.7. Let $A$ and $B$ be positive opemtors such that $m_{1}\leq A\leq M_{1}$ and $m_{2}\leq$
$B\leq M_{2}$ for some scalars $0<m_{i}<M_{i}(i=1,2)$ . Let $f$ be a nonnegative real valued
increasing differentiable function on $(0, \infty)$ . Then the following assertions hold:
(i) Suppose that $f$ is strictly convex supermultiplicative and $\lambda_{f}$ is a unique solution of
$F(f(m_{1}), f(M_{1}), f^{-1};\lambda)=0$ . Then for each $\lambda\in(0, \lambda_{f}]$
(3.13)
$\Vert f^{-1}(Bf(A)B)\Vert\leq\lambda\sup_{2t\in[m,M_{2}]}f^{-1}(t^{2})f^{-1}(\frac{1}{t^{2}})r(A\cdot(f^{-1})^{*}(B^{2}))$
$+F(f(m_{1}), f(M_{1}), f^{-1};\lambda)f^{-1}(M_{2}^{2})$ .
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(ii) Suppose that $f$ is strictly concave supermultiplicative. Then for each $\lambda>0$
$||f^{-1}(Bf(A)B) \Vert\leq\lambda_{t\in 1}\sup_{m_{2},M_{2}]}f^{-1}(t^{2})f^{-1}(\frac{1}{t^{2}})r(A\cdot(f^{-1})^{*}(B^{2}))$
$(3.14)$
$- \lambda F(f(m_{1})m_{2}^{2}, f(M_{1})M_{2}^{2}, f^{-1};\frac{1}{\lambda})$ .
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